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Accurate solution of the linearized, multidimensional Euler equations for aecroacoustics as a system of simple wave
equations is demonstrated. If organized, this system has unambiguous, easily implemented boundary conditions
allowing waves of same group speeds to pass through numerical boundaries or comply with wall conditions.
Thus, the task of designing a complex multidimensional scheme with approximate boundary conditions reduces
to the design of accurate schemes for the simple wave equation. In particular, an implicit compact finite difference
scheme and a characteristically exact but numerically nth-order-accurate boundary condition are unsed. This
low-dispersion scheme has a third-order spatial accuracy for various types of nonuniform meshes, fourth-order
accuracy on uniform meshes, and by cheice a temporal accuracy of second order for algorithmic simplicity as the
Crank-Nicolson scheme. The robustness and accuracy of the scheme and the validity of the system decoupling
are demonstrated through a series of numerical experiments and comparisons with published results, including
the recent Institute for Computer Applications in Science and Engineering, NASA Langley Research Center,
benchmark problems of acoustic and convective wave propagation in Cartesian and cylindrical domains and

reflection at stationary and/or moving boundaries.

Nomenclature
A, B = coefficient matrices of the Euler equations
ai, by = coefficients of numerical schemes

¢ = wave speed

= forward and backward shift operators, respectively

= complex-valued amplification factor

= Heaviside function

=./—1, complex constant

= order of interpolants

= wave number

= interpolant associated with the kth node

= Mach number components

= end index of a grid where a wave exits

= pressure

= ratio between neighboring spacings of a nonuniform
grid; after Eq. (3), radial coordinate

=time

= wave vector

= wave vector in characteristic form

= wave variables, velocity components in x and y,
respectively

= spatial coordinates

= correctijon factor

= difference operator in x

= E-!' + E -2, second difference operator

= numerical damping coefficient

= Courant number

= phase angle of G

= wave frequency
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Subscripts

A B = association with A and B matrices, respectively

a,b = values at upstream and downstream boundaries,
respectively

Jok = grid indices

m,p = association with the backward and forward indices,
respectively

Superscripts

n = time level

() = most recent value

I. Introduction

OR various reasons, direct time-domain solution by finite

difference methods, especially of the implicit type, has not
been a widely accepted numerical approach to wave propagation
problems.! Chief among the reasons cited for its unpopularity is the
inability of a majority of popular, robust, and successful numeri-
cal schemes to track waves with low dispersion and dissipation for
large distances.? Successful, popular approaches to wave propaga-
tion problems, e.g., underwater acoustics, by finite differences do
exist but are predominantly indirect, spatial approximations of the
so-called parabolic wave equation® (Helmholtz) in the frequency
domain. Many space-time higher-order explicit schemes have been
proposed, e.g., by Tam and Webb.* Being explicit and higher order,
these schemes inevitably involve multilevel, broadband data struc-
ture and algorithmic nonuniformity at domain boundaries. Higher-
order schemes with simple data structure, two time levels, and tridi-
agonal matrices are possible,’-® but it is not clear how these schemes
can be implemented for solution of practical problems involving
more than one spatial dimension without compromising solution
accuracy.

Here, a class of high-order schemes for solving the convection
(simple wave) equation on nonuniform meshes is derived. A com-
monality of these schemes is the absence of purely spatial truncation
error terms lower than second order. Because of the absence of a
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truncation error term proportional to the third spatial derivative of
the dependent variable, this class of schemes has low dispersion
comparable to the most accurate scheme possible for a three-point
two-level stencil on uniform mesh. Among the schemes derived
here, the most accurate scheme has fourth-order temporal-spatial
accuracy but is not suitable for some systematically stretched grids
or extension to systems of conservation laws. A compact spatial
fourth-order scheme is possible, but may allow the growth of high-
wave-number components on grids with large stretching ratio. Fi-
nally, a compact, spatial third-order, low-dispersion scheme with
damping for all high-wave-number components and in conservation
form, regardless of the stretching ratio, is introduced. The robustness
of these schemes is tested and compared on grids with stretching
ranges from random to systematic.

These schemes, like all other schemes for simple wave propa-
gation that involve a centered stencil, by themselves without an
alternative scheme for the endpoints are incomplete and insufficient
to ensure accuracy. Here, a class of higher-order one-sided schemes
based on the method of characteristics is derived for the endpoint
where waves are propagating out, and is progressively more effective
in the reduction of reflections attributable to artificial boundaries,
or the size of the domain.

The third-order compact scheme together with an nth-order inter-
polated end value based on the method of characteristics constitute
the building block for construction of solution of wave propagation
here.

For problems of more than one spatial dimension, the key issue
is whether they can be converted into a system of simple waves for
each of which the direction of propagation is known a priori and
the corresponding boundary condition is known or enforceable. It
is shown through the ICASE/LaRC’ benchmarking cases that the
propagation of aeroacoustic waves, consisting of a combination of
acoustic, entropic and vortical waves, is reducible to a system of sim-
ple waves. This equivalence implies that algorithms developed for
one spatial dimension are immediately applicable for multidimen-
sions, that the computation for each simple wave can be advanced in
parallel with that of the others, and that the size of the computational
domain can be as small as the region of interest.

II. Low-Dispersion Compact Schemes

In his 1986 review paper, Candel' remarked that implicit finite
difference schemes had not been reported in acoustic-wave applica-
tions, and illustrated the potential savings resulting from their un-
conditional stability over the Courant-Friedrichs—-Lewy-restricted
explicit schemes by an application of the Crank—Nicolson scheme
to the propagation of acoustic wavelets in a close-end duct. How-
ever, it is arguable? that because the time-step restriction for solution
accuracy is comparable to that for algorithmic stability, the advan-
tage of implicit methods is seen only when the spatial resolution of
the spectral contents of the solution is amply sufficient. Clearly, the
choice cannot be made on the basis of stability or accuracy alone.
Algorithmic simplicity, including implementation of boundary con-
ditions, especially in multidimensional applications is equally, if not
more, important. A prime reason for using explicit methods, despite
their inefficiency, which nowadays can be compensated by mas-
sively parallel computer architecture, is the simplicity in the data
structure, if only all boundary conditions are also explicit. Unfortu-
nately, this is not the case in unsteady problems. Pressure, being of
prime interest in most cases, is not known a priori and cannot simply
be given at the boundary as a function of time. However, aside from
having to cope with the difficulty of implementing certain types of
boundary condition, implicit methods, as illustrated by Davis® using
his optimum space-time fourth-order difference scheme, can afford
a data structure as simple as three-point two-level and a savings
of as much as 60% fewer mesh points per wavelength per dimen-
sion than a three-point explicit method. Whereas a comparable ex-
plicit method, the dispersion-relation-preserving difference scheme
of Tam and Webb* for instance, involves a five-point four-level data
structure and seven-point one-sided schemes for boundary points.
If the ultimate application of these schemes involves other distinct
flow features and/or complex boundaries that necessitate the use
of nonuniform grids, accuracy, algorithm robustness, data structure

simplicity, and solution efficiency all must be considered together
for a fair assessment of their effectiveness.

For uniform mesh, weighted differencing has been used on
a three-point two-level computational molecule to produce all
known finite difference methods,” including a temporal second-
order spatial fourth-order-accurate compact scheme and the tem-
poral and spatial fourth-order scheme derived and proposed sepa-
rately by Davis.® Here, similar techniques are used to derive schemes
suitable for propagation of phase-sensitive waves over nonuniform
meshes.

The most general three-point two-level stencil for the convection
equation
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Here, u’/’ denotes the solution u(x, 1) at the spatial node x; and
n times the temporal advancement A¢. The coefficients a; and by,
chosen by design, characterize the accuracy, stability and useful-
ness of a scheme. The choice of a three-point stencil allows the
use of a single parameter r = (Ax; ,,)/(Ax;) to characterize grid
nonuniformity.

Let a locally plane wave of the form ¢/“'*** propagate through
a nonuniform mesh of spacing Ax = Ax; = x; — x;_. The am-
plitudes at two time levels can be related to form the characterizing
complex-valued amplification factor

b() + blefikAx + bzeikrAx

G = eia)Ar _
ap + a]efikAx + azeikl'Ax

If, instead, in Eq. (2) Taylor-series expansion is used to express
the values at different points of the stencil, the truncation error can
be obtained. For example, the Crank—Nicolson-type (CNT) scheme
with centered differencing for the spatial derivative, (du/dx) ~
(Au;/Ax;), has the truncation error

c(r — 1Ax AAar?
TE = _—2_14)(.!; - Tuxxx

c(r? —r + DAX?
S R e+ OB, ALY
which is formally only first-order accurate when used on a nonuni-
form grid, i.e., r 7% 1.
The compact difference approximant for spatial derivative, 8, u;,
can be written as

(b,,,E*‘ +b+ b,,E)u,-
Ax

(amE ' +a+a,E)du; =

where the shift operators are defined as Eu; = u;,, and E~'u; =
u; 1 and the coefficients to be determined are a,,, a, a,, b, b, and
b,. For simplicity, these coefficients are chosen to be functions of
r only. Because five of the above coefficients are independent, the
spatial gradient, at best, can be approximated to fourth-order accu-
racy. With trapezoidal integration, the finite difference equivalent of
Eq. (1), Até,u; + vAxé,u; = 0, when put into the form of Eq. (2)
will have the coefficients

ay = 1+ (vb/2),

a) = Cl,,,+(1)bm/2), dx = a/7+(Vb/7/2)

by = 1—(1)17/2), b, :a,,,—(vb,,,/Z), b, :ap_(‘)b/l/z)
where a = 1 is set for convenience, and v = c¢(At/Ax) is the
Courant number. The maximum spatial accuracy of fourth order is

obtained when the coefficients are
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This compact fourth-order scheme for nonuniform mesh (C4N) has

AP SArr — DAxAL?
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12 24(r2 +r 4+ 1)

This scheme reduces to Noye’s fourth-order linear finite element
(LFE) scheme® on a uniform mesh and maintains its accuracy on
a nonuniform grid as well. This is because the spatial approximant
reduces back to the (2, 2) Padé approximant for three-point two-level
differencing for uniform mesh (r = 1), with amplification and phase
error identical to what has been shown by Beam and Warming® for
the fourth-order version of their scheme when used with trapezoidal
time integration.

As mentioned, C4N has only a second-order temporal accuracy,
but there is no pure spatial etror term lower than fourth order. How-
ever, the second term on the right-hand side above is a third-order
cross term involving both Ax and A¢. It can be seen by a comparison
of the complex amplification factors that because of the absence of
the spatial second-order truncation error term that is proportional
to the third derivative of u the improvement in phase over CNT is
comparable to that of LFE, whereas the absence of the third-order
pure spatial error term (r = 1) only brings a very slight reduction of
the error in the amplification magnitude. Because the switch to com-
pact differencing introduces two more coefficients—five instead of
the original three—and only one is needed to eliminate that second-
order term, a free coefficient can be used for the design of a scheme
with some other desirable characteristic instead of the marginal im-
provement of the amplification magnitude. This defines a family of
schemes that will be spatially third-order accurate in general.

For instance, by stipulating b = 0, the resuiting approximant has
coefficients

Uerer + O(Ax, Ab)*

r(r—2) 1 2r —1

m = T 1 — 1, ap = ———3
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This is a rather simple result that will again reduce back to the Padé
approximant for uniform mesh. The scheme, which is called the
compact third-order scheme for nonuniform mesh (C3N), has

AL A — DAxAL
TE = — 2 Upxx — 24 Uyxxx

-1 H2Ax3
+c(r r+ D Ax
72

For r close to unity, both compact schemes have phase accuracy
essentially that of the LFE scheme because the spatially related
third-order truncation error terms all have a factor of ( — 1). The
major distinction between them is that, at high grid wave numbers
k Ax,the modulus |G| of C4N is greater than unity for a compressing
grid r < 1 and less than unity for an expanding grid, Fig. 1a, whereas
that of C3N, Fig. 1b, is exactly the opposite except for the highest
kAx where it is less than unity for both expanding and compressing
grids. A wave moving in the direction of an expanding grid becomes
less and less resolved because of increasing kAx. The unresolved
portion often appears as spurious reflections traveling in the opposite
direction toward the grid compression. Thus, C4N amplifies the
spurious reflections attributable to waves traveling on an expanding
grid, and C3N provides a damping. This desirable feature is, in fact,
a result of setting b = 0.

First, the schemes are tested on a domain with periodic bound-
ary condition to avoid having to address effects of alternative
schemes for endpoints and boundary conditions. Following Noye,’
a Gaussian pulse, i.e., u(x,0) = exp[—100(x — 0.5)%1, is placed
in the domain, 0 < x < 1, as initial condition. The domain is dis-
cretized into 50 points to have a slightly higher resolution, and a
smaller time step of 0.008 is used to match the Courant number of
0.4, as in Ref. 5. Four different grids are used. Grid A is a simple
uniform grid. The others are nonuniform. Two of them represent
the extremes in systematic variation, and the last one is completely
lacking in order except the inherent periodicity. Grid B is called
a sawtooth grid where the spacing between grid points alternates

M.XXXI + O(Ax! At)4

-1 0 1

Fig. 1a Modulus |G| and phase ¢ (normalized by the exact ¢,) for
CAN for different r.

Fig. 1b Modulus and phase for C3N for different r.

between wide and narrow, with about 1.1 as r, the ratio of wide-
to-narrow spacing. Grid C is called a compressed—expanded grid
because points are clustered near the periodic ends and dispersed
in the middie. The stretching ratio r varies smoothly from around
1.3 in the expanding region to the reciprocal value of about 0.87 in
the compressing region. Grid D is obtained by displacing each grid
point of the uniform grid by a random amount less than a quarter
of the nominal spacing. Therefore, the absolute minimum spacing
possible will be half, whereas maximum will be double. The prob-
ability of any amount of displacement is intended to be equal. The
solutions after four periods, or 500 time steps, are plotted.

Figure 2a almost reproduces a similar figure in Ref. 5, showing
that the CNT scheme is highly dispersive and incapable of resolving
the Gaussian pulse (dashed line) on the uniform grid as tick-marked
on the x axis. Figure 2b shows that, on the sawtooth grid, with can-
cellation of alternating errors attributable to the sawtooth nonuni-
formity, the CNT scheme behaves as on a uniform grid. Figure 2¢
shows that, on the compressed-expanded grid, the CNT scheme be-
haves much worse, losing completely any phase coordination with
the principal pulse, whereas Fig. 2d shows that, on the random grid,
phase coordination is the same as on the uniform grid but with em-
bedded wiggles resulting from the randomness.

Of all three-point two-level schemes of Eq. (2) the temporal-
spatial fourth-order scheme (TS4) proposed by Noye® and indepen-
dently by Davis® gives the optimum and close to exact solution on
the uniform mesh for which it was derived and almost as good on the
other types except that on the compressed—expanded grid the solu-
tion becomes unstable and fails after five time steps. Being identical
to each other and equivalent to the LFE scheme® on the uniform
grid, the compact schemes, C4N and C3N (Figs. 3a-3d), give solu-
tions far better than those of CNT and nearly as good as TS4 on the
other grids except for some slight dispersion of high frequency—
most noticeably on the compressed—expanded grid, which has lower
resolution in the expanding region.

The effort for solving Eq. (2) is the same as that for CNT, one
inversion of a tridiagonal matrix for each time step, but a comparable
solution using CNT requires a grid roughly eight times finer. In other
words, the savings of using compact differencing is eight times less
storage and correspondingly eight times faster.
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Fig.3 Computed Gaussian pulses using C3N.

III. Schemes for Endpoints

By itself, Eq. (2) is incomplete for a solution of Eq. (1), which
describes the propagation of a wave from point a to point b, left to
right, assuming ¢ > 0. At the end opposite to the direction of prop-
agation u(a, t) must be specified, whereas at the other end u(b, 1)
should obey the same equation in theory, but in practice can only
follow one-sided schemes. A common remedy is to approximate
the spatial derivative using one-sided difference formulas, which
pose no implementation difficulty for explicit schemes. For implicit
schemes, one-sided formulas for the spatial and temporal deriva-
tives inevitably either complicate the data structure or degrade the
scheme to a lower order. They also may cause long-time instability.’

Because the schemes considered here are of higher order, the fol-
lowing scheme is proposed to preserve the tridiagonal structure:

2ok Lexouly; 43
- 1k,
2 e—on LeCtouyy 0%

The endpoint Ni, the value u’,} ' is updated according to the method

of characteristics as the value at x,., depicted in Fig. 4 between points
Niand Ni — 1 when v < |, interpolated from K + 1 interior values
uy; _, using Kth-order interpolants Ly, or at f, interpolated back-
wardfromu},; _, and u','\,ﬂ , using a linear interpolant whenv > 1—
for it is only necessary that the temporal accuracy of Eq. (3) be, at

+1 v=l
n
Uyi = Ue

3)

v> 1
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most, one order less than the scheme'” that, by choice, is second

order. Equation (3) maintains the implicitness and simplicity of a
tridiagonal data structure while allowing choices of spatial as well as
temporal accuracy of any desirable order. The important distinction
between the present scheme and other spatially upwind schemes is
that regardless of the number of upwind points, the rule of domain of
dependence will be violated by all explicit schemes for large enough
v, so that they are not unconditionally stable. Other implementations
of higher-order implicit schemes would inevitably enlarge the sys-
tem bandwidth without ensuring long-time stability” of the system.
By a simple switch to backward interpolation in time for v > I, the
rule of domain of dependence is observed and the overall band-
width is preserved. For the C3N interior scheme, simple numerical
experiments have verified that higher-order interpolants did not im-
prove the temporal accuracy. It has also been demonstrated that this
scheme allows the computation of a system of acoustic waves forced
at both ends of an acoustic cavity for thousands of wavelengths trav-
eled and bounces between the ends without appreciable phase error
and instability.''

To test the effectiveness of Eq. (3), a fourth-order Lagrangian
interpolant is used for computing the exit of the Gaussian pulse
u(x, 1) = 0.5 exp{—n2[(x — £)/3]?} on the domain 20 > x > —20
at the right-hand boundary. Unless specified, all solutions presented
from here on were computed using the numerically determined op-
timum time step of At = %, further reduction of which led to no sig-
nificant improvement. This is because of the dispersive nature of the
leading temporal truncation error —[(c>A1?)/12]u,,, of C3N and
CAN. A small value At = % is effective enough to suppress leading
numerical dispersion below the spatial truncation error. Figure 5a
shows, at t = 27, packets of spurious fluctuations of magnitude 5 x
10~* trailing behind the pulse as its left shoulder is within a few grid
points out of the domain. After the pulse has completely left the do-
main at ¢ = 40 (Fig. 5b), the fluctuations congregate at the left-hand
boundary, where no wave is allowed to escape, and rebound toward
the right-hand boundary, where some reflection is bound to occur be-
cause Eq. (3), being one-sided, has dispersion characteristics differ-
ent from those of a centered scheme. The spurious fluctuations linger
on with a slowly reducing magnitude even after long times (Fig. 5c).
However, the use of an eighth-order interpolant instead of the same
fourth order used in the compact schemes reduces the magnitude of
the spurious reflection by a factor of 20 for four more additions and
multiplications, which amounts to the work of adding one grid point.

Application of compact differencing to the spherical wave equa-
tion having an additional source-like term (category 1, Problem 2,
of Ref. 7)

du w  du 0

at + r + ar
is achieved by modifying the coefficients of Eq. (2) according to the
difference equation:

(anE™" +a+a,E)Su+ u/r)+v(bwE™ +b+b,E)u=0

However, the application of Eq. (3) is simpler if instead of u the
variable ur is used, which amounts to replacing L, by Ly (rv/ro).
Figure 6a shows the computed wave

u(r, 1y = 5/r)H( —r +5)sinw(t —r +5)

on the domain [5, 450] as the front reaches r =400. The 1/r de-
cay is well captured up to the second peak for just a small phase
shift at the front. Figure 6b shows the same solution but computed
on the truncated domain [5, 45], showing no noticeable reflections
from the numerical boundary at x = 45 or instability for long-time
integration.
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Fig. 5a Spurious fluctuations attributable to fourth-order boundary
conditions.

5.0 10*
2.5 10%
0.0 10°
22510
-5.010" 1 1 1 X
-20 -10 0 10 20

Fig. 5b  Congregation of dispersed reflections.
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Fig. 6 Application of C3N a) to spherical wave u(r,f) = H( +
t—rysinw(5+t—r)/r, (w = 7 /4, At = 0.125) and b) with fourth-order
boundary conditions imposed at r = 45,
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IV. Multidimensional Extensions

One drawback in the application of implicit schemes to multidi-
mensional problems is the drastic increase in system bandwidth for
each additional dimension unless operator splitting or approximate
factorization is used. However, a factorized or split scheme often
involves intermediate variables that have no clear connection to the
physical variables on which certain constraints are to be satisfied.
Hence, the success of an implicit scheme for multidimensional prob-
lems hinges on whether the dependent variable in each factorized
or split step can be consistently related to the physical constraints
at boundary. This seems to be the case for aeroacoustic problems
governed by the linearized Euler equations in Cartesian coordinates:

U, BAU _ BBU
at 9x ay
where
p M,.1,0.0 M,.0,1,0
u 0. M,.0, 1 0. M,, 0,0
U=lyl+ 2=loom.0|" B=}oom.
p 0.1,0, M, 0.0.1, M,
4

Equation (4) can be split into two sets of equations:
§U +6,AU =0
86U +68,BU =0

which then can be transformed into two sets of first-order decoupled
equations

8,Us + 8,00, =0
8:Up +38,ApUp =0

corresponding to the characteristic variables

p=r [o—p
- v _ v—p
Uy = u—p |’ Up = u

u+tp | | v+p

and eigenvalues
M, 0,00 M,,0,0,0
0,M.0,0 0,M,—-1,0,0
Ay = ) Ap = '

0,0,M,—1,0 0,0,M,,0
0,0,0, M, + 1 | 1 0,0,0, M, + 1

Subscripts A and B correspond to the coefficient matrices A and
B, which define the transformation from the physical variables to
the characteristic variables, or the corresponding processes of wave
propagation for each spatial dimension. It is clear that the last three
equations in both transformed sets can be solved independently of
the first, that only p affects p, and thus the first equation is needed
only to find p after knowing p. The first equations in transformed
sets A and B describe the convection of entropy p — p in two dis-
tinct directions at corresponding speeds M,, M,. Being linear and
independent, these equations, or processes, can be advanced in any
order. The second equation in set A describes the convection of a
vortical disturbance v at the speed M, , whereas the third and fourth
equations describe the propagation of acoustic disturbances at the
receding speed M, — 1 and advancing speed M, + 1. The advance-
ments of v and « in set A follow two distinct processes, and hence
are independent, whereas the roles of u and v exactly reverse in
set B. Thus the linearized Euler equations (4), which describe the
convection of entropy and vorticity and the propagation of acous-
tic pulses, can be seen as eight one-dimensional modes of wave
propagation at speeds corresponding to their eigenvalues. Unlike
factorization, which approximates the governing equation for easy
inversion, splitting simply acknowledges the decomposition of vec-
tors and the possibility of advancing their components separately.

The two sets are indeed coupled through the common scalar variable
p, which adjusts to the vortical and acoustical disturbances from all
directions, and through which mass conservation is ensured.

It should be emphasized that, in general, the vector components
and their governing equations in curvilinear coordinates cannot be
decoupled into systems of directionally independent equations. In
his construction of nonreflecting boundary conditions based on the
linearized two-dimensional Euler equations in Cartesian coordinates
for explicit schemes, Gill,'? in Sec. II, proposed approximations of
various degrees of accuracy to accommodate the coupling between
gradients tangential and normal to a wave-exiting boundary to sat-
isfy well-posedness. Similarly, in their implementation of Moretti’s
A-scheme for fast solution of the steady Euler equations for tran-
sonic airfoils, Dadone and Moretti'* employed Beaming—Warming
type directional splitting to reduce the system bandwidth. The tem-
poral inaccuracies in these approaches are a result of ineffective
directional decouplings.

Once split, the system becomes a set of one-dimensional wave
equations, which can be solved using the compact schemes, or any
appropriate schemes. A problem is set by specifying a value for
each wave mode at the incoming end. Take, for example, the set A
variables

Pa — Pa

Y v
AT Up — po
Uy + Pa

which correspond to the eigenvalue matrix

M, 0,00
0,M,,00
0,00M,—1,0
0,0,0,M, +1

AA:

and assume that 0 < M, < . All variables corresponding to right
running characteristics must be specified at the left boundary x =a
except the third specified at the right x =b. For an undisturbed
upstream or downstream, these values are unambiguously given.
However, as disturbances propagate outward beyond b, the infor-
mation for the third variable, which should come from the value at
a location beyond b, is lost. Depending on the type of disturbance
and approximation used, different degrees of reflection are found in
the solutions as they are presented and discussed later.

Unlike other approaches’:'? that employ local approximations
to inhibit, suppress, or force the domain-entering components at
numerical boundaries to comply with the desired conditions, the
directionally decoupled systems here require specification of the
domain-entering components while allowing the outgoing compo-
nents to exit freely because of the effectiveness of Eq. (3). Thus,
setting the domain-entering components at finite boundaries to zero
corresponds to an exact enforcement of the outgoing-only (nonre-
flective) boundary conditions for any domain, regardless of size. For
a wall, the wall-bound characteristic variable, e.g., v — p, is solved
first; then the domain-entering component v+ p is set to comply with
any conditionon v, e.g., v+ p = —(v — p) to enforce v = 0. This
ordering establishes a causality relation between the acoustic com-
ponents, which should be solved one after the other as two arrays or
combined into a large array with the wave-exiting end of one array
connected to the wave-entering end of the other to satisfy the con-
straints on both ends. The joint array has a cyclic boundary condition
that can be solved using standard cyclic tridiagonal solvers.

V. Multidimensional Test Problems

For testing algorithmic symmetry, the pressure, vortical and en-
tropic Gaussian pulses of Ref. 7 (category III problems; see also
Ref. 4) respectively initiated at the center and two-thirds to the
downstream boundary on the horizontal axis of symmetry were
computed on the unity-spacing 201 x 201 grid. The field is swept
in an alternating x — y — y — x fashion with a time-step unit of %
and a convecting Mach number of 0.5. Figure 7a shows the density
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Fig. 7a Horizontally convected acoustic and vortical pulses at £ = 30
(contour levels: 0.00 + increments of 0.015).
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Fig. 7b Diagonally convected acoustic and vortical pulses at t = 80
(contour levels: 0.00 + increments of 0.015).

centours of the vortical pulse and the expanding acoustic pulse af-
ter being convected horizontally 15 grid points downstream from
their initial positions. Perfect numerical symmetry is found in both
pulses before their fronts reach the downstream boundary, confirm-
ing the validity of the present directional-splitting approach and the
one-dimensional nature of linear wave propagation in Cartesian co-
ordinates. As the wave front of the acoustic pulse catches up with
the vortical pulse at the downstream boundary, a slight asymmetry is
observed in the density contours around the exiting vortex resulting
from the boundary condition. These pulses were then initiated and
convected along the diagonal of the grid. Again, perfect symmetry
is found until the vortical pulse exits the domain at the upper-right
corner, Fig. 7b, where slight contour distortion attributable to the
boundary condition is discernible.

At an exit plane the receding characteristic variable (¥ — p) is
undisturbed (i.e., equal to zero or u = p) until the arrival of a wave
resulting from convection. If the solution domain was not truncated,
this receding part of the exiting waves, for which u and p are not
necessarily equal, would re-enter the exit plane. The common prac-
tice of setting u — pi, = 0, referred to as BCO, could cause a phase
shift and, correspondingly, reflections along the domain-entering
characteristics. Much weaker reflections are found when u — p is
kept at the current value |* from the sweep in the alternate direc-
tion, referred to here as BC1, viz., (u — p)"*! = u — p|*. Figure 8
shows the pressure contours at ¢+ = 20 of the impingement of an
acoustic pulse (category 4, Problem 1, of Ref. 7) on the horizontal
wall with the wall condition, v = 0. Figure 9a shows the fronts of

100
75} 1
50} ]
] O J
g .
-50 25 0 25 50

Fig.8 Impingement and reflection of an acoustic pulse at# = 20 on the
horizontal wall (contour levels: 0.00 + increments of 0.03).
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Fig.9a Spikes of reflection at numerical boundary attributable to BCO
(contour levels: —0.11 + increments of 0.02).
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50

25}
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Fig. 9b Weak reflections at numerical boundary attributable to BC1
(contour levels: —0.10 + increments of 0.02).
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Fig. 10 Comparison of wall pressure distributions showing exact en-
forcement of wall boundary condition and the effect of various exit
conditions at x = 50.
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Fig. 11 Comparison of pressure distributions computed by applying
various exit conditions at the downstream numerical boundary x = 50.

the partially bounced and expanding pulse and spikes of reflections
resulting from the application of applying BCO at the downstream
boundary (x = 50) of the (—50 < x < 50; 0 < y < 100) computa-
tional domain. Much weaker reflections are found when BC1 is used
(Fig. 9b). While the condition of impingement is exactly enforced
as clearly shown by the comparison in Fig. 10 of wall pressure with
the exact values, the computed pressure distribution at the domain
boundary at x = 50 corresponds to roughly 20% reflections for ap-
plying BCO but less than 10% even at the peaks for BC1 according
to the comparison in Fig. 11. The amounts of reflection correspond-
ing to different exit conditions are also evident in the labeled wall
pressure distributions in Fig. 10.

The present method allows all interior waves to leave the do-
main boundary cleanly because of the effectiveness of Eq. (3).
All conditions at domain boundaries correspond to specification
of the domain-entering components. In the absence of convection
(M,, M, = 0), there will be no domain re-entering waves and thus
no reflections. BC1 simply corresponds to the same way all inte-
rior values are computed. Whereas for M, > 1, all conditions are
given at the upstream boundary and thus the solution is incapable
of having reflections at the downstream boundary. Indeed, the case
shown here with M, = 0.5 represents the worst reflections at the
downstream boundary of all Mach numbers. Furthermore, the pro-
portional amount of reflections does not change with the size of
the computational domain, which can be as small as the domain of
interest, and that further improvement, shown as BC2 in Figs. 10
and 11, can be made by applying an ad hoc correction factor « in
(u—p)"*!' = (1 +a)(u— p)* —a(u— p)" to account for the loss of
information attributable to domain and, hence, solution truncation.
Nevertheless, uniess specified, all results herein were computed with
BC1 enforced at all exit boundaries.

The authors have not investigated the use of asymptotic outgoing-
only expressions* for exit condition, which may be domain and

2.0 10 T T
p(x,160)
010" |
0.0 10°
\,
10104 F —Computed
-—-Exact
2.0 104 1 1 1 X
a) 0 25 50 75 100
4.010°
2.0 10°
0.0 10°
20105 | —Computed |
' -----Exact
4.0 10 1 . : r
b) 0 25 50 75 100

Fig. 12 Comparsion of computed pressure variations: a) axial and b)
radial.

problem dependent and inadequate for domain re-entering waves as
well.

The extension to problems in cylindrical coordinates, is nontrivial
in that unlike in Cartesian coordinates, the acoustic part of the split
equations in the radial direction cannot be transformed into uncou-
pled characteristic components because of the source-like term v/ r,
viz.,

0
U O, O, 0, 0 uy 0
u 0,0,0,0 u —
ST 2 4 (Sr 2 + (M3 + M4) -0
Uz 0,0,-1,0 U3 2r
Uy 0, 0, 0, 1 Uy U3 + Uy
2r

However, the coupling between the acoustic components is weak,
and the source-like term can be treated explicitly to a second order in
time to maintain the same simplicity in data structure as in Cartesian
coordinates, e.g.,

wy = ul + (Ar/2)8, (uf T + uf)
+ (At/2r)[uf + i + (A1/2)8, (u] — u})]

Another complication arises because of the transformation singu-
larity at the radial symmetry point r = 0. Numerically, this is just
a boundary point where the incoming characteristic variable v — p
turns into the outgoing variable v + p to satisfy the condition at
r = 0, where v also vanishes, but not necessarily v/r. Fortunately,
the assumption that v/r is regular and, hence, approaches the adja-
cent value at r = Ar proved adequate for the computation of the
acoustic field of a harmonically moving piston (category 4, Prob-
lem 2, of Ref. 7). Figure 12 gives a comparison of pressure varia-
tions with the exact pressure along and normal to the piston axis at
t = 160. In particular, the agreement in phase is excellent, but the
computing time for 1280 time steps of four variables over 101 x 101
grid points is 49 s on a SGI-Indy, or 11% of that for evaluating the
analytical expression for p(x, r, 160) for the same field points using
the C double precision intrinsic Bessel functions and a 40th-order
Gaussian quadrature. Because there is no convection or re-entering
of receding waves in this case, all waves, physical or spurious, are
allowed to propagate out at the numerical boundaries x = 100 and
r = 100, and no noticeable changes were found in the solution as
the cycles repeat for much longer times or computed on smailer
domains.
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For uniform grids, the compact schemes presented are nondissi-
pative but dispersive for short waves whose presence is unavoidable
whenever a discontinuity is involved in the boundary condition. In
the case of a piston, for example, the edge of a piston at r = R is
a source of discontinuity where the axial velocity changes abruptly
from the piston velocity to zero wall velocity. Spurious waves im-
mediately disperse unless they are either filtered or damped. Here,
a damping, ¢ = 0.01, consistent with a three-point scheme and
proportional to the second derivative

1
s v

Py v S A
Ax? 2

is found adequate for the present applications.

VI. Conclusions

The effectiveness of C3N closed with a class of outgoing bound-
ary conditions for various types of grids and aeroacoustic problems
has been established. This implicit compact scheme, though not the
most accurate one on a uniform grid, is simple to implement, robust
under all conditions tested, and requires standard tridiagonal solvers
and negligible storage overhead to invert.

The equivalence between the propagation of acoustic waves in
two spatial dimensions and that of a system of one-dimensional
simple waves in Cartesian coordinates is shown. The characteristic
variables in each spatial dimension can be decoupled and ordered
according to their one-dimensional propagation process. The ex-
tension of this decoupling to three spatial dimensions in Cartesian
coordinates is straightforward. All solutions presented, regardless
of the number of spatial dimensions, have been obtained by passing
segments of self-contained, one-dimensional arrays through stan-
dard solvers, which may concurrently occupy a massive array of
computers for rapid data processing.

Contrary to others, the present approach requires specification
of the domain-entering components at domain boundaries. These
components should correspond to the local physical conditions to
ensure no spurious reflections. It is shown here how the spurious
reflections are reduced but not completely eliminated, for which
further research is warranted.
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